Abstract. We establish operator structure identities for quantum channels and their error-correcting and private codes, emphasizing the complementarity relationship between the two perspectives. Relevant structures include correctable and private operator algebras, and operator spaces such as multiplicative domains and nullspaces of quantum channels and their complementary maps. For the case of privatizing to quantum states, we also derive dimension inequalities on the associated operator algebras that further quantify the trade-off between correction and privacy.
Introduction
The complementary relationship between quantum error correction and quantum privacy is well established. Most relevant to the present work, a quantum code is correctable for a quantum channel if and only if it is private for the channel's complementary map [28] . This linkage of two fundamental topics in quantum information has more recently [14] been extended to the complementarity of appropriate notions of correctable operator algebras [6, 7] and private subsystems and algebras [1, 9, 2, 3, 13, 22, 23, 34, 35, 14] , and to a setting that embraces descriptions of hybrid classical and quantum information [33, 15, 21, 44, 27, 10, 17, 36] . Quantum error correction as a subject is considerably more developed than the theory of private quantum codes and algebras, with origins going back over two decades to the beginnings of modern quantum information science [40, 41, 16, 5, 25, 26] . The complementarity relationship suggests that developments in one field could at the least influence progress in the other. Of particular interest here, we note how completely positive map multiplicative domain structures and techniques [11] have been used to describe traditional quantum error correcting (subspace and subsystem) codes in terms of operator structures associated with quantum channels [12, 24, 39] .
Our goals with this paper are thus threefold. We first extend the multiplicative domain description of a quantum channel's error correcting codes to the setting of (finite-dimensional) correctable algebras. We next identify appropriate operator structures, determined by certain operator null spaces, that describe a channel's private codes and algebras and we show explicitly how they are related to the corresponding multiplicative domains, giving an operator structure depiction of quantum complementarity. Finally, we push our analysis further in the distinguished special case of algebras privatized to quantum states and derive a number of dimension inequalities relating correctable and private pairs of algebras, further quantifying the trade-off between correction and privacy in that case.
This paper is organized as follows. The next section contains requisite background material on complementary quantum channels, correctable algebras, and private algebras, and includes a new simple proof of complementarity in the ideal case. In Section 3, we extend the multiplicative domain descriptions of quantum error correction to the case of general (finitedimensional) algebras, identify appropriate null space structures that characterize private algebras, and explicitly relate the complementary structures to each other. We also consider the case of unital channels and uncover extra features for that subclass. In Section 4, we extend the analysis of these identities and structures to derive the aforementioned dimension inequalities that relate the complementary sizes of correctable and private algebra pairs for a given channel. We conclude with a brief discussion of connections and potential future directions.
Complementary Channels and Correctable vs Private Algebras
We use standard quantum information notation throughout the paper as in [37] . In this section we introduce our requisite preliminary notions: complementary quantum channels, and then correctable and private operator algebras based on the formulation from [14] . We shall work with finite-dimensional Hilbert spaces H, where the sets of linear, trace class, and bounded operators coincide: L(H) = T (H) = B(H), and so for ease of presentation we use L(H) to denote these sets.
2.1.
Complementary Quantum Channels. By a channel, we mean a completely positive and trace preserving map Φ :
Hilbert space H A . The Stinespring dilation theorem [42] gives a Hilbert space H C (with dim H C ≤ (dim H A ) 2 ), a state |ψ C ∈ H C and a unitary U on H A ⊗ H C such that for all ρ ∈ L(H A ),
where here Tr C denotes the partial trace map from L(H A ⊗ H C ) to L(H A ), the map U (·) = U (·)U * , and V(·) = V (·)V * is the map implemented by the isometry V :
Given such a channel Φ, we shall work with the complementary map Φ C defined from L(H A ) to L(H C ) as follows:
The channel Φ C is unique in the following sense: Given any channel Φ ′ :
When H C and H C ′ are minimal (which occurs when both have dimension equal to the so-called Choi rank of Φ), W is a unitary operator. For brevity, unless otherwise noted we shall assume Φ C is the (unique) minimal complementary map in this sense. See [18, 19, 20] for further details on complementary channels. Here we only note additionally how the Kraus operators for the two maps Φ, Φ C are related: If Φ has operator-sum representation Φ(ρ) = i V i ρV * i with Kraus operators V i ∈ L(H A ) (which are guaranteed to exist by the Stinespring theorem), then the complementary map has representation,
where {|i } is a canonical basis for C d identified with H C , and d = dim H C .
Correctable Algebras.
The general framework for error correction, called "operator algebra quantum error correction" (OAQEC) [6, 7, 8] , when applied to the finite-dimensional case makes use of the structure theory for finite-dimensional von Neumann algebras (or equivalently, C * -algebras). Specifically, codes are identified with algebras that up to unitarily equivalence can be decomposed as A = ⊕ k (I m k ⊗M n k ), where M n is the set of n×n complex matrices. An OAQEC code is described as follows in each of the Schrödinger and Heisenberg pictures for quantum dynamics. We shall use the notation Φ † for the dual map of Φ defined via the trace inner product:
Definition 2.1. Let H be a (finite-dimensional) Hilbert space and let Q be a projection on
where P Q is the compression map P Q (·) = Q(·)Q. When Q = I we simply say A is correctable for Φ.
The case of standard (Knill-Laflamme) error correction is captured with algebras A = P C L(H)P C , where C is a subspace of H and Q = P C . When C = H A ⊗ H B has some tensor decomposition, correctable algebras A = P C (I A ⊗L(H B ))P C are "operator subsystem codes" [31, 30] when dim H B > 1 and classical codes when dim H B = 1. Algebras A comprised of direct sums give mixtures of these various possibilities and allow for hybrid classical and quantum information encodings [6, 7, 33] . Such an algebra, with direct sum decomposition as above, is correctable for Φ with respect to its unit projection if and only if for all density operators σ (i) k and probability distributions p k , there is a channel R on H and density operators σ
2.3. Private Algebras. Private quantum channels were initially introduced as the quantum analogue of the classical one-time pad [1, 9] . Over subsequent years the idea has been distilled and extended, culminating in the following general notion of what are called "private algebras" (see [14] and references therein), a notion most cleanly presented in the Heisenberg picture.
When Q = I we simply say A is private for Φ.
This definition is motivated by the notion of an "operator private subsystem" [4, 35] 
One can check through direct calculation and application of the dual map relation that this is equivalent to:
is private for Φ with respect to P C .
As articulated in [14] , use of the "private" terminology is motivated by the fact that any information stored in the operator private subsystem B completely decoheres under the action of Φ. From the Heisenberg perspective, observables on the output system evolve under Φ to observables having the same measurement statistics with respect to the subsystem B. For more general private subalgebras though, not all information about observables in the algebra A is lost under the action of Φ, just the quantum information: more precisely, the only obtainable information about A after an application of the channel is the classical information contained in its centre Z(A) = A ∩ A ′ . We recover the original notion of privacy when A is a von Neumann algebra factor (Z(A) = CI), and factors of type I specifically correspond to operator private subsystems. The above definition allows for more general private scenarios as depicted by more general algebras.
2.4.
Complementarity for Perfect Correction and Privacy. We conclude this section by presenting a simple new proof of complementarity between quantum error correction and privacy in the ideal (ε = 0) case of perfect correction and privacy. We first recall the testable conditions for correctable algebras derived in [6, 7] , which in turn built upon the central Knill-Laflamme conditions for standard [25] and operator [30, 31] quantum error correction.
Theorem 2.3. Let H be a Hilbert space and let
is correctable for Φ with respect to Q if and only if (6) [QV * j V i Q, X] = 0 ∀X ∈ A, ∀i, j. The approximate version of the following theorem was established via dilation theory techniques separately in the finite ( [28] ) and infinite ( [14] ) dimensional cases. Our proof below for the ideal case is different in that it makes use of Kraus operator representations and the relevant operator structures. Proof. Suppose first that A is correctable for Φ with respect to Q. Then Eqs. (6) hold. So we let ρ ∈ L(H), Y ∈ L(H C ), and X ∈ A, and compute two identities as follows:
and,
from which we can conclude from Eqs. (6) that these two quantities are equal. As X, Y, ρ were arbitrary, it follows that [P Q • (Φ C ) † (Y ), X] = 0 for all X ∈ A and hence A is private for Φ C with respect to Q.
For the converse direction, suppose that A is private for Φ C with respect to Q.
and hence from the above calculations that
To conclude the proof, we now fix a pair i 0 , j 0 and apply this identity with
, which holds for all ρ and X. Thus it follows that [QV * j 0 V i 0 Q, X] = 0 for all X ∈ A, and hence by Lemma 2.3 we have that A is correctable for Φ with respect to Q, and the result follows.
Complementary Operator Structures
Operator structures have previously been identified that describe quantum error correction; for instance, multiplicative domains for channels and certain generalizations of them were shown to characterize operator and standard quantum error correction as part of the early expanded work on subsystem codes [12, 24] . Below we shall briefly review these structures and then extend the correspondence to OAQEC.
First though, we will identify operator structures that characterize private (subspaces, subsystems, and) algebras. We begin with a simple observation of an elementary connection between the null space of a quantum channel and the sets of states that it privatizes. Let Φ be a channel from M n to M m and let S be the null space of Φ. If ρ 1 and ρ 2 are n × n density matrices, then Φ(ρ 1 ) = Φ(ρ 2 ) if and only if ρ 1 − ρ 2 ∈ S. This observation suggests that nullspaces of channels can be used to describe privacy, and indeed this is the case.
Lemma 3.1. Let H be a Hilbert space and let
where orthogonality is with respect to the trace inner product.
Proof. By direct calculation using the form of the complementary map, we have ( 
Proof. This can be proved by combining Theorem 2.3 and Proposition 2.4 with Lemma 3.1, and use the fact (see chapter 6 of [19] ) that (Φ C ) C is isometrically equivalent to Φ.
We can explicitly connect these private structures with the corresponding structures from error correction, the subject of which we now turn. For brevity we shall consider the correctable/private (Q = I) case.
is the set (in fact an algebra) given by:
where X is taken from L(H). The multiplicative domain is the largest set on which the restriction of Φ is a * -homomorphism (i.e., a representation).
Given a subalgebra A ⊆ L(H) and a representation π :
we may also define generalized multiplicative domains as follows:
The following quantum error correction result was established for subsystem codes in [24] , and here we show that it extends to OAQEC. Our proof is built on techniques from [24] and error correction constructions from [6, 7] .
Theorem 3.4. Let A be a subalgebra of L(H) and let Φ be a channel on L(H). Then A is correctable for Φ if and only if
Then, since Φ is trace-preserving, we have
for all X ∈ L(H) and hence Φ † (π(A)) = A for all A ∈ A. Now, let A ∈ A and observe since π is a homomorphism and Φ † (π(A)) = A, we have
However, observe this quantity is also equal to (recalling Φ † (Y ) = i V * i Y V i and Φ † is unital since Φ is trace-preserving) the following sum when fully expanded:
Hence, it follows that each term in this sum is 0, and so we must have (also using the fact that A is a self-adjoint set)
Multiply the first equation on the right by V j and the second equation on the left by V * i to obtain
and so Φ(A) commutes with any power of R for all A ∈ A. Next, observe that
and similarly,
If R is invertible, we then obtain
Defining π(A) = R −1/2 Φ(A)R −1/2 we see that the above can be written as Φ(AX) = π(A)Φ(X) and Φ(XA) = Φ(X)π(A), and we note that for any A, B ∈ A, where R + is the pseudo-inverse of R. Similarly, we can do the same for Eq. (10) and let π(A) = (R + ) −1/2 Φ(A)(R + ) −1/2 to get the desired result that A = M π (Φ), and this completes the proof.
Remark 3.5. Observe from the start of the above proof that any correctable algebra for Φ is contained in the range of Φ † . (This was also observed from a different perspective in [7] .) We will use this fact in the next section.
Example 3.6. As an illustration of this correspondence, consider a 4-qubit channel Φ that models noise given by the possibility of independent bit flips on the first three qubits, and so Φ has four Kraus operators (normalized with probabilities) I, X 1 = X ⊗ I ⊗ I ⊗ I, and X 2 , X 3 similarly defined with X the Pauli bit flip operator (X|0 = |1 , X|1 = |0 ). Consider the orthogonal single-qubit subspaces C 0 = span{|0000 , |1111 }, C 1 = span{|0001 , |1110 }. Each of these subspaces is easily seen to be individually correctable for Φ, but more than this, one can check that the hybrid algebra code defined by the subspaces, namely A = L(C 0 ) ⊕ L(C 1 ), is correctable for Φ. The theorem tells us therefore that the code algebra coincides with a generalized multiplicative domain for Φ, A = M π (Φ), and indeed, the proof also gives a recipe for constructing the representation: in this case, the representation π : A → L(H) is implemented by the four Kraus operators {P C , P C i X i , i = 1, 2, 3}, where C = C 1 ⊕ C 2 and P C i = X i P C X * i . Combining the previous result with Theorem 3.2, the complementary operator structure relationship is revealed as follows.
Corollary 3.7. Let Φ be a channel on L(H), and let π be a representation associated with a correctable algebra for Φ (or equivalently a private algebra for Φ C ). Then we have
Proof. The forward inclusion follows from Theorem 3.2, and the opposite inclusion follows from the second half of the proof of Theorem 3.4.
Remark 3.8. The simplest illustration of this relationship comes from the extreme case of a correctable/private pair, the case with Φ = id the identity channel on L(H). Here Φ C (ρ) = Tr(ρ) is the completely depolarizing channel, π = id, Q = I, and M π (Φ) = L(H). Moreover, ker Φ C is the operator subspace of trace-zero matrices, which is the trace-orthogonal complement of the identity operator I, and hence (ker Φ C ) ⊥ is the set of scalar multiples of the identity, with commutant equal to L(H) as given by the result. For the example above, the specific form of the complement is not as straightforward, nevertheless the result yields information on it; namely, in that case ker Φ C can be explicitly computed via the relation
We further note it would be interesting to extend this result to the general projection Q case. This should be possible but there are some technical issues to overcome on how to define the multiplicative domains in that case.
3.1. The Special Case of Unital Channels. We finish this section by continuing the analysis in the distinguished special case of unital channels (Φ(I) = I). Many physically relevant channels satisfy this extra condition, such as the previous example. The relevant structures, in particular the multiplicative domains, have an especially nice characterization.
If Φ : A → B is a completely positive and unital map between two algebras, then Choi [11] proved that M(Φ) has the following internal description:
When trace preservation is added, so Φ(ρ) = i V i ρV * i is a unital channel, the fixed point theory for such maps [29] can be built upon to prove [32, 12, 39] that M(Φ) is equal to the commutant of the operators V * i V j , it encodes all unitarily correctable algebras for Φ, and the unital channel Φ † acts as a recovery operation; in terms of operator structures this is stated as:
We can thus state the following result based on the above.
It is clear that the null space of a channel and its multiplicative domain cannot both be large. This relationship can thus be quantified by the following result in the unital case. We note that since M(Φ) is a unital von Neumann subalgebra of some M n , the projection onto M(Φ) would be the trace-preserving conditional expectation onto M(Φ), which is the unique channel Φ A satisfying:
Among all unital quantum channels with a given multiplicative domain A, the trace-preserving conditional expectation onto A has the largest possible nullspace.
We conclude this section by deriving some relations on the behaviour of the complementary channel and a channel's multiplicative domain in the unital case.
Proposition 3.11. Let Φ be a unital channel on L(H). Then for all X ∈ L(H) and A ∈ M(Φ), we have
Φ C (AX) = Φ C (XA).
Proof. We have A ∈ M(Φ) if and only if AV
, and hence
This result has some interesting consequences. Proof. Let A ∈ M(Φ) and X ∈ M(Φ C ). Then from the previous result and the multiplicative domain definition, we have
Remark 3.14. Regarding the generalized multiplicative domains, in the case that Φ is a unital channel, we have M(Φ) = {V * i V j } ′ . Hence in this case, all generalized multiplicative domains associated with unital subalgebras lie inside the actual multiplicative domain. Also note that if Φ(ρ) = i V i ρV * i is a channel such that the V i = (dim H) −1/2 U i , with {U i } a set of unitaries that are mutually orthogonal in the trace inner product, then of course Φ is unital. But also observe that Φ C is unital as well:
In particular, in the above results the roles of Φ and Φ C can be interchanged. An interesting example of this arises when Φ is the conditional expectation onto the diagonal matrices. In this case, Φ C = Φ which means that Φ(M(Φ)) = Φ C (M(Φ)) = Φ C (M(Φ C )) must be contained in an abelian subalgebra by Corollary 3.13. An easy calculation show that this is indeed the case with Φ(M(Φ)) being the algebra of diagonal matrices.
Operator Algebra Inequalities and the Correction vs Privacy Trade-Off
In this section we build on the analysis above to further quantify complementarity, through inequalities determined by the sizes of the relevant operator algebras corrected or privatized by channels. To simplify the presentation we shall use matrix notation for the algebras and we will focus on the original basic notion of privacy, where an algebra is mapped to a single state: Given a channel Φ : M n → M m and subalgebra A, we suppose there is a density operator ρ such that
In such a situation, we shall say A is privatized to a state by Φ. Up to unitary equivalence our algebras, say contained in M n , have the form
The commutant of A is, up to the same unitary similarity,
Finally, we note that A has a largest central projection P A ; up to the same unitary similarity as before,
Note that A is a unital algebra if and only if P A = I n if and only if K = 0. We shall also focus on the unital algebra case in this section.
The next two results refer to the notion of quasiorthogonal algebras. We point the reader to [35] for more on the notion and its connections with privacy. We can thus prove the following. Proof. Since A and B are quasiorthogonal by Theorem 4.3, for all A ∈ A and B ∈ B, we have Tr(AB) = n −1 Tr(A) Tr(B). Let
be orthonormal bases (in the trace inner product) for A, B respectively. Next form the set
is a set of mutually orthogonal matrices in M n , and so must have dimension at most n 2 . Example 4.5. As a simple example of a channel and algebras that saturate this inequality, consider an N -qubit system (so n = 2 N ) and noise given by a channel Φ that completely depolarizes the first k qubits and leaves the final N − k qubits untouched. In this case, we have a correctable (noiseless in fact) algebra A that is unitarily equivalent to M 2 N−k and a private algebra B that is privatized to the maximally mixed state of the first k qubits and is unitarily equivalent to M 2 k . Here we thus have:
Remark 4.6. Theorem 4.3 suggests a way to quantify the complimentarity relations of two subalgebras. Indeed, in [43] , a quantity (c (A, B) ) was defined for two unital subalgebras of a matrix algebra in terms of the trace of the composition of conditional expectations onto each of the subalgebras. Observe that the algebra A = M 2 ⊕ 0 is correctable for Φ, since on this algebra, Φ acts as the identity. Moreover, B = 0 ⊕ M 2 is private for this algebra, since Φ :
Both A and B are of dimension 4, and so we have dim(A)dim(B) = 16 9.
We next relate the commutants of correctable/private algebra pairs. 
Proof. The result follows from the theorem above and the fact that unital algebras satisfy n 2 ≤ dim(A) dim(A ′ ).
Note that Example 4.7 again serves as a reminder that unitality is necessary: in that example, dim(A ′ ) = dim(B ′ ) = 3 while dim(A) = dim(B) = 4.
We can also make a statement on the internal structures of correctable and private algebra pairs. Proof. This follows from the observation that the commutant of an algebra containing a maximal abelian subalgebra is abelian, and has dimension less than n, while the dimension of A itself is greater than n. The inequality in Corollary 4.8, and a consideration of the equality condition, give the result.
Further recall from above that all unital correctable algebras A satisfy A ⊆ {V * i V j } ′ , and hence {V * i V j } ′′ ⊆ A ′ . Hence, the smallest possible commutant we can put on the right side of the inequality from Corollary 4.8 is dim({V * i V j } ′′ ), giving us the following result. (And recall by the von Neumann double commutant theorem, {V * i V j } ′′ is equal to the algebra generated by the operators V * i V j .) Corollary 4.10. If B is a unital algebra privatized to a state by Φ, then
Remark 4.11. We see then that, at least for unital algebras and privatizing to states, these inequalities exhibit an explicit and concrete trade-off between privacy and correction: if a large algebra is correctable for Φ, the size of the largest privatized algebra is constrained to be small, and vice-versa.
Recalling the Kraus operator description of Φ C , we finish by analyzing what happens for the complement when A is correctable for Φ.
Proof. We have that Φ C (A) ij = Tr(V * j V i A); using the fact that A = QAQ where Q is the largest central projection in A, the above becomes Remark 4.13. Considering the general notion of privacy from [14] , note that the only information preserved from a private algebra is the information stored in A ∩ A ′ ; as this is an abelian and hence unitarily diagonalizable algebra, all the information can be considered as simply classical probabilities by reading off the diagonal, and so no genuine quantum information survives. By the analysis in Proposition 4.12, we see that if A is correctable for Φ, all of A \ (A ∩ A ′ ) is sent to 0, and the image of A under Φ C depends only on a compression of A to A ∩ A ′ . Hence, by the reasoning in the paper [14] , this counts as privatization: only classical information from the diagonal can survive.
Outlook
The results of Section 3 give an expanded and deeper understanding of a key piece of quantum complementarity, namely the relationship between correctable and private algebras and codes for channels in quantum information, explicitly in terms of relevant operator structures. The previous section considered these structures and their joint sizes, and established a number of dimension inequalities that further quantify the correction and privacy trade-off for the special case of algebras privatized to quantum states. Further investigation of these relationships and inequalities is warranted. In particular, an expansion of the inequality analysis to general private algebras would be interesting, as would a deeper investigation on the quantification of complementarity via the operator structure identities derived here combined with the theory of quasiorthogonal algebras. Finally, due to practical considerations we have focussed here on the finite-dimensional case, but the notions of correctable and private algebras have been identified for general infinite-dimensional von Neumann algebras, and an exploration of extending the results presented here to that setting could be interesting. We plan to continue these investigations elsewhere.
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